Let K/k be a finite Galois CM-extension of number fields whose Galois group G is monomial and S a finite set of places of k. Then the "Stickelberger element" θ K/k,S is defined. Concerning this element, Andreas Nickel formulated the non-abelian Brumer and Brumer-Stark conjectures and their "weak" versions. In this paper, when G is a monomial group, we prove that the weak non-abelian conjectures are reduced to the weak conjectures for abelian subextensions. We write D4p, Q 2 n+2 and A4 for the dihedral group of order 4p for any odd prime p, the generalized quaternion group of order 2 n+2 for any natural number n and the alternating group on 4 letters respectively. Suppose that G is isomorphic to D4p, Q 2 n+2 or A4 ×Z/2Z. Then we prove the l-parts of the weak non-abelian conjectures, where l = 2 in the quaternion case, and l is an arbitrary prime which does not split in Q(ζp) in the dihedral case and in Q(ζ3) in the alternating case. In particular, we do not exclude the 2-part of the conjectures and do not assume that S contains all finite places which ramify in K/k in contrast with Nickel's formulation.
• S contains all infinite places and all ramifying places • A S θ S ⊂ ζ(Λ ′ ),
In [4] , D. Burns and H. Johnston showed that for any odd prime p, the "p-part" of this conjecture holds with some modification of θ S if p is unramified in K/Q and every inertia subgroup is normal in G. They deduce the weak annihilation result from "the Strong Stark conjecture" at p which holds by [15, Corollary 2] in this case. For any α ∈ K * , we set S α := {p | p is a prime of k and p divides N K/k α} and w K := nr(|µ K |). Then the statement of the latter conjecture is Conjecture 1.4 (The weak non-abelian Brumer-Stark conjecture).
• w K θ K/k,S ∈ ζ(Λ ′ ), In [17] , Nickel showed that for any odd prime p, the "p-part" of the above two conjectures hold if no prime above p splits in K/K + whenever K cl ⊂ (K cl ) + (ζ p ), where the superscripts + and cl mean the maximal real subfield and the Galois closure over Q respectively and ζ p is a primitive complex p-th root of unity. This result is an improvement of the result in [4] stated above and also deduced from "the Strong Stark conjecture" at p.
In this paper, we study these weak conjectures by a direct approach. Although the known results which we have seen are proven via the non-commutative Iwasawa main conjecture or the strong Stark conjecture, we attack these weak conjectures in a different way, that is, we deduce the weak non-abelian conjectures from abelian ones. We recall that a finite group G is called monomial if each of the irreducible characters of G is induced by a 1-dimensional character of a certain subgroup. Now our main theorems are the following: Theorem 1.5. Let p be a rational prime (not necessarily odd) and S a finite set of places of k which contains all infinite places. We assume G is monomial. If Brumer's conjecture (resp. the p-part of Brumer's conjecture) is true for an explicit list of abelian subextensions of K/k (for the details of this list, see the list (7) in §4), the weak non-abelian Brumer conjecture (resp. the p-part of the weak non-abelian Brumer conjecture) is true for K/k and S. Concerning the set S of places, we stress here that S does not have to contain places which ramify in K/k. Hence, if we assume Brumer's conjecture and the Brumer-Stark conjecture for abelian extensions, we get stronger annihilation results than Nickel's formulation. As far as the author knows, this observation on the set S has not been made before. The possibility to remove the ramifying places is revealed because of the comparison between conjectures for non-abelian extensions and those for abelian extensions.
Let p be an odd prime and n be a non-zero natural number. We denote by D 4p the dihedral group of order 4p, by Q 2 n+2 the generalized quaternion group of order 2 n+2 (so Q 8 is Hamilton's usual group of quaternions) and by A 4 the alternating group on 4 letters. These three groups are monomial. In §5, we apply the above two theorems to the case G is isomorphic to D 4p , Q 2 n+2 or Z/2Z × A 4 and prove the following three theorems ( §5, Theorem 5.1, 5.6 and 5.10). Theorem 1.7. Let K/k be a finite Galois CM-extension whose Galois group is isomorphic to D 4p and S be a finite set of places of k which contains all infinite places. Then I would like to express my sincere grateful to Masato Kurihara for his encouragement and helpful suggestions. His suggestion is the starting point of this work, and this work could not have been completed without his guidance. I would like to thank Andreas Nickel for his helpful comments on this paper. In particular, he indicated Lemma 3.11 in §3 and pointed out some mistakes in a draft version of this paper. I would also like to thank David Burns for his helpful suggestions and comments, especially, his indication of the validity of Theorem 5.10 and a generalization of this article (the author study only supersolvable extensions before his suggestion). Finally, I am deeply grateful to the referee for his/her careful reading of an earlier version of this paper. He/She pointed out many mistakes of my English writing.
Notations
For any ring A, ζ(A) denotes the center of A and M n (A) denotes the ring of matrices over A for some n ∈ N. For any number field F , µ(F ) denotes the roots of unity and Cl(F ) denotes the ideal class group of F .
Preliminaries

Group rings and idempotents
Let Q be an algebraic closure of Q and we fix an embedding Q ֒→ C. For any finite group G, Irr G denotes the set of all irreducible C-valued characters of G.
We put
Then the elements e χ are orthogonal central primitive idempotents of Q[G] and we have the Wedderburn decomposition
The above isomorphisms imply the isomorphism
where we put Q(χ) := Q(χ(g) : g ∈ G) and the direct sum runs over all irreducible characters modulo Gal(Q/Q)-action. We note that any element (α χ ) χ in the right hand side corresponds to
in the left hand side where we put
. If we let o χ denote the ring of integers of Q(χ), ζ(Λ ′ ) coincides with χ∈Irr G/∼ o χ which is the unique maximal order in ζ(Q[G]). For each 1-dimensional character χ ∈ Irr G, let χ ′ be the character of G/ ker χ whose inflation to G is χ. Then we easily see e χ = e χ ′ (1/| ker χ) Norm ker χ where Norm ker χ := h∈ker χ h. If χ is induced by a character of a subgroup of G, we can write down e χ by the following lemma: 
Take a character φ ∈ Irr H such that Ind G H φ = χ. Then for each g ∈ G, we have
Hence, we have Ind
. Combining this with (1), we have
This completes the proof.
Let p be a prime. All the above arguments are valid if we replace Q by Q p and C by C p , where Q p denotes the p-adic completion of Q and C p denotes the p-adic completion of a fixed algebraic closure Q p of Q p .
Reduced norms and conductors
Let o be a Dedekind domain, F the quotient field of o and A a separable semisimple algebra over F . Then A has a Wedderburn decomposition A ∼ = t i=1 A i where A i is a finite dimensional central simple algebra over F i and F i is a finite separable extension over F . We set s i := [F i : F ]. Let E be a splitting field for A (we can choose E so that E is a finite Galois extension over F ) and let nr A denote the following composition map;
The image of A actually lies in ζ(A) and does not depend on the choice of E. This map is called the reduced norm of A. We extend this map to any ring of matrices over A by means of
The image of M m (A) also lies in ζ(A) and does not depend on the choice of E (for details of the reduced norm map, see [21, §9] and [6, §7D] ). Now we fix an o-order Λ and a maximal o-order Λ ′ which contains Λ. Unfortunately the reduced norm of A does not take Λ to its center ζ(Λ) but to ζ(Λ ′ ) in general. For this reason, we have to consider some conductors of Λ ′ over Λ. First we define
This set is called the central conductor of Λ ′ over Λ. In the case
with finite group G, by Jacobinski's central conductor formula ([11, Theorem 3 ] also see [6, §27] ), we see the explicit structure of F(Λ) as
where
over F and χ runs over all irreducible characters of G modulo Gal(F /F )-action. We note that the element ((|G|/|χ(1)|)α χ ) χ in the right hand side of (2) 
Then we get the following relation between F(Λ) and H(Λ): 
We conclude this section with the following lemma: Lemma 2.3. Let χ be an irreducible character of G which is induced by an irreducible character of a subgroup H of G. Take an arbitrary element x in F(Λ) of the form
Then we have
In particular, x also lies in F(o[H]).
Proof. For each σ ∈ Gal(F (χ)/F ), we fix an extensionσ to Gal(F (φ)/F ).
Then we have
The last equality follows from Lemma 2.1. Since
Stickelberger elements
Let K/k be a finite Galois extension of number fields with Galois group G. For any finite place p of k we fix a finite place P of K above p and G P (resp. I P ) denotes the decomposition subgroup (resp. inertia subgroup) of G at P. Moreover, we fix a lift φ P of the Frobenius automorphism of G P /I P .
Let S be a finite set of places of k containing all infinite places of k and let T be another finite set of places of k which are unramified in K such that S∩T = ∅. For any irreducible character χ of G, we put δ T (χ) := p∈T det(1−φ
where χ is the contragredient character of χ. We call this element the (S, T )-modified Stickelberger element. When S is the set of all ramifying places and all infinite places and T is empty, we put θ K/k := θ T K/k,S . Moreover, in the case k = Q we will always omit the trivial character component of θ T K/k,S . We can also express this element by
The (S, T )-modified Stickelberger element is characterized by the formula
Now we assume K/k is a CM-extension, that is, k is a totally real field, K is a CM-field and the complex conjugation induces a unique automorphism j which lies in the center of G. We call a character χ odd if χ(j) = −χ(1) and even otherwise. Then L(0, χ, K/k) = 0 if χ is an even character. For an odd character χ, we get 
Proof. First we set e I P := (1/|I P |) Norm I P . Then we have V
. This implies the equality
So we see
Statements of the non-abelian Brumer and Brumer-Stark conjectures
In this section we review the formulation of the non-abelian Brumer and BrumerStark conjecture by Andreas Nickel, for the details see [14] . Let K/k be a finite Galois CM-extension of number fields with Galois group G and let S and T be finite sets of places of k and E S (K) denote the group of
We refer to the following condition as Hyp(S, T ) ;
• S contains all ramifying places and all infinite places of k,
For any fixed set S which contains all ramifying places and all infinite places, we define
By [24, Lemma 1.1], A S coincides with the Z[G]-annihilator of the roots of unity in K if G is abelian. Now Nickel's formulation of the non-abelian Brumer conjecture is Conjecture 3.1 (B(K/k, S)). Let S be a finite set of places of k which contains all ramifying places and all infinite places of k. Then
and can take x = 1. So we can recover usual Brumer's conjecture from the conjecture 3.1 if G is abelian.
In this paper we actually study the following weaker version of the above conjecture. 
Conjecture 3.3 (B w (K/k, S)). Let S be a finite set of places of k which contains all ramifying places and all infinite places of k and let
Replacing Z, Q and Cl(K) with Z p , Q p and Cl(K) ⊗ Z p respectively, we can decompose
We call α ∈ K * an anti-unit if α 1+j = 1 and set w K = nr(|µ(K)|). We remark that w k is no longer a rational integer but an element in ζ(Λ ′ ) of the form χ∈Irr G |µ(K)| χ(1) e χ . We define
where N K/k is the usual norm of K over k. Then the non-abelian Brumer-Stark conjecture asserts Conjecture 3.5 (BS(K/k, S)). Let S be a finite set of places which contains all ramifying places and all infinite places of k. Then As well as the non-abelian Brumer conjecture, we treat the following weaker version of the non-abelian Brumer-Stark conjecture. Replacing Z, Q and A with Z p , Q p and A whose class in Cl(K) is of ppower order respectively and in the equation (4), (5) 
Moreover, for any finite set T of places of k which satisfies Hyp(S
∪ S α , T ), there exists α T ∈ E T Sα (K) such that α zδT = α zwK T (4) for each z ∈ H(Z[G]).
Conjecture 3.7 (BS w (K/k, S)). Let S be a finite set of places which contains all ramifying places and all infinite places of k and let
Λ ′ be a maximal Z-order in Q[G] which contains Z[G]. Then • w K θ K/k,S ∈ ζ(Λ ′ ) • For any fractional ideal A of K and for each x ∈ F(Z[G]), there exists an anti-unit α = α(A, S, x) such that A xwKθ K/k,S = (α).
Moreover, for any finite set T of places of k which satisfies
In the abelian case, the Brumer-Stark conjecture implies Brumer's conjecture, and the same claim holds in non-abelian cases as follows:
For the local conjectures, we can state the relation between usual conjectures and weaker conjectures as follows: We let D n denote the dihedral group of order n for any even natural number n > 0. Then as an application of Lemma 3.10, we get the following. Proof. It is enough to treat the case l = p. First we recall that D 4p is isomorphic to Z/2Z × D 2p . We set G = Z/2Z × D 2p and j denotes the generator of Z/2Z. Since we have
By [12, Example 6.22] 
]. Combining this fact with (6), we have
where we set Λ ′ = Λ 
Statement and Proof of main Theorems
In this section we prove Theorem 4.1 and Theorem 4.2 which are our main theorems (the precise versions of Theorem 1.5 and 1.6 in Introduction).
For each Galois extension K/k whose Galois group G is monomial, first we define the irreducible characters of G and subextensions of K/k as follows: Let χ 1 , χ 2 , . . . , χ r be the irreducible characters of G and for each i ∈ {1, 2, . . . , r}, we assume the character χ i is induced by 1-dimensional characters φ i,1 , φ i,2 , . . . , φ i,si of a subgroup H i of G, that is, χ i = Ind φ i,j for all j ∈ {1, 2, . . . s i }. We set k i := K Hi and K i,j := K ker φi,j (since φ i,j is 1-dimensional, K i,j /k i is an abelian extension). We let φ ′ i,j be the character of Gal(K i,j /k i ) whose inflation to Gal(K/k i ) is φ i,j . We set
Finally, we fix representatives φ i ∈ {φ i,1 , φ i,2 , . . . , φ i,si } and K i ∈ {K i,1 , K i,2 , . . . , K i,si } Now we can state and prove the following main theorems. 
2).
Before proving these theorems, we prepare the following lemma:
Lemma 4.4. Let K/k be a finite Galois CM-extension of number fields with Galois group G. Let S be a finite set of places of k which contains all infinite places of k and T be another finite set of places of k such that Proof. Since θ K/k,S = ǫ S θ K/k,S∞ and ǫ S ∈ ζ(Λ ′ ) by Lemma 2.4, it is sufficient to show the equality and inclusion in Lemma 4.4 for the case S = S ∞ . Since Artin L-function does not change by the induction and inflation of characters, we have
The equation (9) imply the equality (8). Now we assume T satisfies Hyp(S ∪ S ram , T ). Let p 
We define δ
is an algebraic integer. This implies that
This completes the proof. 
Proof of Theorem 4.1. Since F(Z[G]) is an ideal of ζ(Λ
annihilates Cl(K i,j ). Combining this with the equality pr φ
annihilates Cl(K). Therefore,
annihilates Cl(K). Finally, we conclude that
annihilates Cl(K).
To get the proof of the p-part conjecture we have only to replace Z, Q and Cl(K) with Z p , Q p and the p-part of Cl(K) respectively.
Proof of Theorem 4.2.
We use the same notations as in the proof of Theorem 4.1. Take any fractional ideal A of K. Then by the assumption that the BrumerStark conjecture holds for ebextensions in K, there exists an anti-unit α φi,j ∈ K i,j such that
and α
both side of (11) and (12), we have
Hence, we have 
and 
CM-extensions with group
Let p be an odd prime and n be a non-zero natural number. We let D 4p denote the dihedral group of order 4p, Q 2 n+2 denote the generalized quaternion group of order 2 n+2 and A 4 denote the alternating group on 4 letters. In this section, as an application of Theorem 4.2, we prove the l-parts of the weak non-abelian Brumer conjecture and the weak non-abelian Brumer-Stark conjecture for an arbitrary CM-extension of number fields K/k whose Galois group is isomorphic to D 4p , Q 2 n+2 or Z/2Z × A 4 , where l = 2 in the Q 2 n+2 case and l is an arbitrary prime which does not split in Q(ζ p ) in the D 4p case and Q(ζ 3 ) in the Z/2Z × A 4 case. In the D 4p case, we can actually verify the p-part of the (non-weak) nonabelian Brumer-Stark conjecture by Lemma 3.11. In §5.1.3, we give an explicit example of a CM-extension with group D 12 in which θ K/k,S∞∪Sram does not coincide with θ K/k,S∞ .
CM-extensions with group D 4p
Let K/k be a finite Galois CM-extension whose Galois group is isomorphic to D 4p . We use the presentation D 4p = x, y | x 2p = y 2 = 1, yxy
corresponds to the unique complex conjugation j.
Characters of D 4p
As is well known, all the irreducible characters of D 4p are four 1-dimensional characters and p − 1 2-dimensional characters. The 1-dimensional characters are determined by the following table: 
Since x p corresponds to j, the only 1-dimensional odd characters are χ 3 and χ 4 . We easily see that ker χ 3 and ker χ 4 have index 2 and hence we can conclude K 3 and K 4 are relative quadratic extensions of k. All the 2-dimensional odd characters are induced by the faithful odd characters of x . For m ∈ (Z/pZ) * , let φ m be the character of x which sends x 2 and x p to ζ m p and −1 respectively. We set χ m+4 = Ind 
Proof of conjectures for extensions with group D 4p
In this subsection, we prove the following theorem by using Theorem 4.2. [16] , [18] if we assume µ = 0.
, the odd p-part of the above results holds unconditionally by [17, Corollary 4.2] .
The observation we made in the previous subsection tells us that we have only to verify the Brumer-Stark conjecture for two relative quadratic extensions K 3 /k, K 4 /k and the cyclic extension K/k 5 . By [25] [ §3, case(c)], the BrumerStark conjecture is true for any relative quadratic extensions and hence true for K 3 /k, K 4 /k. In order to complete the proof of Theorem 5.1, we have to verify the l-part of the Brumer-Stark conjecture for K/k 5 for each prime l which does not split in Q(ζ p ). However, the proof of Theorem 4.2 (and Lemma 3.11) tells us that we only have to verify the slightly weaker annihilation result, that is, we only need (13) and (14) for K/k 5 . To do that, it is enough to prove the following proposition:
Proposition 5.3. Let l be a prime which does not split in Q(ζ p ). Let K/F be any cyclic CM-extension of number fields of degree 2p. We assume F contains k so that (F/k is quadratic and ) K/k is CM with Galois group D 4p . We let σ be a generator of the Galois group of K j /F (hence Gal(K/F ) = σj ). Take any element of the form
where (ii) In what follows we assume l is odd. Let ψ be the irreducible character of Gal(K/F ) which sends σ and j to 1 and −1 respectively. Then this character is the inflation of the nontrivial character ψ ′ of Gal(E/F ) where E = K H and H = σ . We put
,
Then by analytic class number formula, we get
where the equalities are considered as equalities of the l-part.
x m+4 pr χm+4 )A K . Hence we have Case I. l = p. In this case, the equality holds in (17) . Moreover, we have ω K,l /ω E,l = 1 and hence the elements
where η runs over all irreducible characters of
Hence, we have
By assumption that l does not split in Q(ζ p ), we actually have
By (17), we have
Since we have
we can regard (
x m+4 pr χm+4 A K is a torsion module, there exists n 1 , n 2 , . . . , n k ∈ N such that
Combining the above isomorphism with (19), we have
This inequality implies that θ K/F annihilates (
x m+4 pr χm+4 )A K . Therefore, for any fractional ideal A of K whose class in Cl(L) is of l-power order,
xm+4 pr χ m+4 ) = (α ωK ) for some α ∈ K * and clearly K((α ωK ) 1/ω K,l )/F is abelian. This completes the proof of Claim 5.3 in this case.
Case II. l = p and ω K,p /ω E,p = 1. In this case, by (17), we have
Since (
x m+4 pr χm+4 )A K is a torsion module, there exists n 1 , n 2 , . . . , n m ∈ N such that
Combining this with (20) we have
x m+4 pr χ m+4 )A K . By the same argument as the final part of Case II, we obtain the conclusion in this case.
Case III. l = p and ω K,p /ω E,p = 1 In this case, we see that ω K = p e , ω E = p e−1 for some e ∈ N. Then we have
This implies that (σ − 1)(
x m+4 pr χm+4 )θ K/F annihilates A K . Hence for any fractional ideal A of K whose class in Cl(K) is of p-power order, there exists some β ∈ K such that
xm+4 pr χ m+4 ) = (β).
In the last paragraph of [9, Proposition 2.2], the authors show that if (
and g is the minimal positive integer which represents the action of σ on the p e th-power root of unity in K. Since, (
x m+4 pr χm+4 )θ K/F = 0, replacing θ K/F by (
. This implies
xm+4 pr χ m+4 ) = (β αγ ).
To conclude the proof of Case IV, we use the following proposition:
Proposition 5.5 (Proposition 1.2 d), [24] ). Let L/k be an arbitrary abelian extension of number fields with Galois group G, {σ i } i∈I be a system of generators of G, ζ be a primitive ω L th -root of unity. We suppose σ i acts on ζ as ζ σi = ζ ni . We take an element β ∈ F . Then for any natural number m, the following statement is equivalent to the condition that F (β 1/m )/K is abelian: There exists a system {β i } i∈I ⊂ E F such that Applying this proposition to our setting, we have 1/p e )/F is abelian .
An example
In this section, we give an explicit example of the CM-extension K/Q with group D 12 in which θ K/Q,S∞∪Sram does not coincide with θ K/Q,S∞ . Let α be an element in Q which is a root of the cubic equation x 3 −9x+3 = 0 and let K = Q( √ −2, √ 33, α). Then K/Q is a Galois extension whose Galois group G is isomorphic to Gal(Q(
where S 3 is the symmetric group of degree 3. We use the presentation
, the generator of Z/2Z corresponds to the unique complex conjugation j. The irreducible characters of G are determined by the following character table, where {·} indicates conjugacy classes: 
From the above table, we see that the only odd characters are χ 2 , χ 4 and χ 6 . Since ker
). Let φ 6 be an irreducible character of Gal(K/Q( √ 33)) = σj which sends σ and j to ζ 3 and −1 respectively where ζ 3 is a primitive 3rd root of unity in Q. Then χ 6 is the induced character of φ 6 , that is,
(φ 6 ) and hence k 6 = Q( √ 33) and K 6 = K. Then by using Pari/GP, we have
Therefore we have
Moreover, this element lies in I(Z 2 [G]) and hence lies in I(Z [G] ). This fact tells us that for general Galois extensions K/k whose Galois group G , S has to contain ramifying places for Stickelberger elements to lie in I(Z[G])(at least to lie in I(Z 2 [G])).
CM-extensions with group Q 2 n+2
Let K/k be a finite Galois extension whose Galois group is isomorphic to the quaternion group Q 2 n+2 of order 2 n+2 . We use the presentation
Characters of Q 2 n+2
Q 2 n+2 has two types of irreducible characters. One type is given through the natural surjection Q 2 n+2 ։ Q 2 n+2 / x n ≃ D 2 n+1 . Clearly, characters which are given in this way are even characters. The other type is two dimensional characters which are induced by the faithful odd characters of x (in fact, a character of x is faithful if and only if it is odd). Let φ be the character of x which sends x and x n to ζ 2 n+1 and −1 respectively. Then all faithful odd characters are of the form φ m for m ∈ (Z/2 n+1 Z) * . We set χ m := Ind
Then we have χ m = χ −m and k m = k x for all m. Since φ m is faithful, we conclude K m,1 = K m,2 = K.
Proof of conjectures for extensions with group Q 2 n+2
First, we define M := {a | 1 ≤ a ≤ 2 n+1 , a is odd}, M + := {a | 1 ≤ a ≤ 2 n−1 , a is odd}. In this subsection, we prove the following theorem by using Theorem 4.2. 
, the odd p-part of the above result holds by [17, Corollary 4.2] . The observation in the previous section tells us that we have to verify the l-part of the Brumer-Stark conjecture for K/K x for l which does not split in Q(ζ 2 n+1 ). As in the previous section, however, we only need slightly weaker annihilation results (13) and (14) . To verify those weaker results, it is enough to prove the following: Proposition 5.8. Let K/F be a cyclic CM-extension of degree 2 n+1 . We assume F contains k so that (F/k is quadratic and) K/k is CM with Galois group Q 2 n+2 . Take any element of the form m∈M + x χm pr χm in F(Q 2 n+2 ). Then for any fractional ideal A of K whose class in Cl(K) is of 2-power order,
where ω K,2 is the 2-part of ω K .
Before proving the above theorem, we prove the following lemma:
Lemma 5.9. Let K/F be a cyclic CM-extension of degree 2 n+1 which is contained in some Q 2 n+2 -extension. Then all roots of unity in K are ±1.
Proof of Lemma 5.9. Let ζ be a primitive ω K th roots of unity in K and assume x(ζ) = ζ cx and y(ζ) = ζ cy for some c x , c y ∈ (Z/ω K Z) * . Then we have yxy
On the other hand yxy
x . Hence we see that
Proof of Proposition 5.8. We define the group I + K of the ambiguous ideals by I
where j is the unique complex conjugation in Gal(K/F ). Also we define
Then by Sands's formula [22, Proposition 3.2] (also see [9 , §3]), we have
where d is the number of primes of K + which ramify in K. Let ξ be the nontrivial character of Gal(K/K + ). Then we have Ind
By (21), we have
where the equality is used in the sense that the 2-parts of the both sides coincide. Since ω K,2 = 2 by Lemma 5.9, we also have
Since [K + : Q] ≥ 2 n+1 (recalling that K/F is contained in some Q 2 n+2 -extension), we get −[K + : Q] − d + 2 ≤ −2 n+1 + 2. Hence, we also get 
CM-extensions with group Z/2Z × A 4
Let K/k be a finite Galois extension whose Galois group is isomorphic to Z/2Z× A 4 where A 4 is the alternating group on 4 letters. we regard A 4 as the group of even permutation of the set {1, 2, 3, 4}. Since the center of A 4 is trivial, the generator of Z/2Z corresponds to the unique complex conjugation j.
Characters of Z/2Z × A 4
We set x = (12)(34) and y = (123) The irreducible characters of Z/2Z × A 4 are determined by the following character table, where {·} indicates conjugacy classes: The observation in the previous subsection tells us that we have only to verify the Brumer-Stark conjecture for two relative quadratic extensions K 2 /k, K 4 /k and K ′ 2 /k 2 . By [25] [ §3, case(c)], the Brumer-Stark conjecture is true for any relative quadratic extensions and hence true for K 2 /k, K 6,1 /k 6 , K 6,2 /k 6 and K 6,3 /k 6 . In order to complete the proof of Theorem 5.10, we have to verify the l-part of the Brumer-Stark conjecture for K 4 /k for each prime l which does not split in Q(ζ 3 ). However, the proof of Theorem 4.2 (and Lemma 3.11) tells us that we only have to verify the slightly weaker annihilation result, that is, we only need (13) and (14) for K 4 /k. To do that, it is enough to prove the following proposition:
Proposition 5.12. Let l be a prime which does not split in Q(ζ 3 ). Let F/k be any cyclic CM-extension of number fields of degree 6. We assume K contains F so that K/k is CM with Galois group Z/2Z × A 4 . We let σ be a generator of the Galois group of F j /k (hence Gal(F/k) = σj ). Take any element of the form x χ6 pr χ6 in F(Z/2Z × A 4 ). Then for any fractional ideal A of F whose class in Cl(F ) is of l-power order,
(1) A ωF xχ 6 pr χ 6 θ F/k = (α) for some anti-unit α ∈ F * ,
where ω F,l is the l-part of ω F .
Proof. Exactly the same proof as Proposition 5.3 works since the only fact we need is that (1 + σ + σ 2 )x χ6 pr χ6 A F = 0.
